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Macroscopic Behavior of a
Quantum Monomode Laser
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A kinetic equation for the density matrix of a monomode laser with explicit
coupling with a thermal reservoir representing the cavity and a nonthermal
one representing the pumping mechanism is derived. The macroscopic
behavior of this system, inferred from Glauber’s P function, is discussed
within the framework of Glansdorff-Prigogine’s theory of far-from-thermal-
equilibrium open systems.
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1. INTRODUCTION

The quantum theory of a laser oscillator is a fascinating problem in the sense
that it deals with physical and mathematical concepts which are of primordial
interest in contemporary physics. ~® Effectively this typical nonlinear system
has to be described within the framework of nonequilibrium statistical mech-
anics as it consists of an open system in contact with two reservoirs, a thermal
one—the cavity—and a nonthermal one—the lasing medium-—and its distri-
bution function, in the coherent representation, obeys a generalized Fokker—
Planck equation. Moreover, as a far-from-thermal-equilibrium system, its
macroscopic behavior deals with stability problems for the stationary states,
and the possible emergence of a coherent state invites analogies with the
appearance of a dissipative structure as well as a second-order phase tran-
sition.®4=®
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The aim of this paper is to give a contribution to the study of the relation
between a microscopic and a macroscopic description of this system.

We derive a kinetic equation for the density matrix of the monomode
laser model studied in a previous paper (hereafter designated 1) but with an
explicit pumping mechanism. For low concentration in active material we
obtain, within the framework of the Prigogine-Résibois theory of non-
equilibrium statistical mechanics,® a set of two coupled kinetic equations
for the diagonal parts of the density matrix developed in a series of orthogonal
operators. We recover, in the Markovian limit, Mandel’s equation for a
high-intensity laser. Since the macroscopic behavior of this system is described
in Glauber’s P function,*® we may calculate, in the limit of weak fluctuations
around macroscopic variables, the entropy production of this system. This
quantity is found to be positive, and the stability of the macroscopic stationary
state may be discussed within the framework of Glansdorff-Prigogine’s
stability criterion.*?

In Section 2 the kinetic equation for the density matrix is derived, while
approximate solutions are given in Section 3. The entropy production and
the stability properties of the stationary state are discussed in Section 4, and
formal or technical aspects have been postponed to the Appendix.

2. KINETIC EQUATIONS

We consider a monomode laser model described by a Hamiltonian which
is an extension of the one studied in I. A pumping field is introduced explicitly
since the pumping has to be a dynamical process rather than a static one.
The Hamiltonian may then be written as follows (the notation is defined in I):

H= Hpie + HField cavity T Hpump (1)
with

N N
Hpixe = #Q D S# + fwata + X D (Si*a + S;"a*)
i=1 i=1

HField cavity — Z hw;ca;c+arc + Z g,c(arc+a + azca+)
: ¥ @
Hyump = Zhw“anraa + Z Z lea"(SiTa, + Si7a,*)
i=1 «
+ g.7(SiTa, T + S;ma)]

Moreover, we consider a situation where the direct spin—spin coupling and
the coupling through the laser field are weak. This situation occurs in a laser
with low concentration of active material where the probability of “re-
collision™ of atoms is negligible and corresponds to a mean field approxima-
tion.
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With these approximations the density matrix may be factorized, and,
since we are only interested in the properties of the atoms and of the laser
mode, we trace this density matrix over all heat bath variables; consequently,
p(t) = Tr' T'(¢) may be written as a series of orthogonal operators®®

o0 =T ] LI + 70SF + o POS + A0S O

Furthermore, since all spins are equivalent, p{® = p®. We work in the
diagonal representation for a,%a, and S and, in the corresponding (v, N)
representation

[AN) = <N + 3v[4IN — 3v), IN)> = [Ts [m)|No), a*a|N)
= N|N>, S7|m> = m;|m;>],

p(t) may formally be written as the iterative solution of the Liouville-von
Neumann equation, which is, in the interaction picture

L0 =2 3 Tr{(l‘—ﬁ) f drr LI (I YOTSN, 0)} @

where the v, N variables are those of the total system while v, N belong to
the proper laser system only. We have

GNIOPY = 07 Py (N, D = " Voo o (N, 7~ )
with
f(N) = f(N + )
V(r) = U@VU*(7)

U(r) = exp i[Q Z S# + wata + Z wa.ta, + Z waa,,,*aa]r ©)
i K a

N
Vo= A Z (Si*fa + Si7a*) + Zg,c(a,c“’a + aa’)
i=1 ®

N
+ > > [g (Sitay + Sima.*) + gt (Sitat + Sima)]
a* i=1

The initial density matrix is taken as

PO) = 35 2 U+ S]] p.] ] puo ™

with —2 < « < 0; p, py, p. are equilibrium field density matrices and, in
order to simplify the calculations, they will be chosen as zero-photon-density
matrices.

The kinetic equation for p may now be derived (see details in the Appen-
dix) along the same lines as in I. Taking first the thermodynamic limit on the
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heat baths, we renormalize the spin propagators and the photon ones by their
interactions with their respective heat bath, and, since these baths are taken
to be singular, the contribution of the Laplace transform of a photon
propagator is now

C+07h x=om el ®)

while the plus and minus spin propagators become, respectively,
z+y)zz+ 9] @+l + 9t ®
with
+=___2_Z|g:l:12 =yt oy
Y ah? 4 « {7 Y= Y

The irreducibility condition 1s chosen to be the one associated with the
vacuum |0)<0|, and the diagonal part of p obeys the integrodifferential
equation®

ooV, 1) = 33 [ dr GUOW Nl = DN, ), 11 = 0,2 (10)
The nondiagonal parts are given by
pW0 =33 J dr CEO(N, N'|1 — 7)p (N, 7) an

As a consequence of the low-concentration approximation, these terms are
small and will not be considered since we are concerned with photon and
atom distributions. However, they may be important for some problems, e.g.,
frequency shifts, spin-field correlation functions, etc.

The kernels G§-<’(N, N’|) contain three parts:

(1) the explicit photon—cavity coupling (cf. I)
XN 8y + XN + 1) 8yspy in GO
(2) the explicit pumping terms (cf. Appendix)
—y8yy In G&?P and yydyy in GEO

(3) the contributions due to the Dicke Hamiltonian itself with renormalized
spin and photon propagators.

These contributions may be decomposed in a series of one-, two-,...,
N-spin field interactions, respectively (cf. Fig. 1)

§ = Z%+2%J~- (12)

i#7
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A

T, i 3 3
=4 +1
q,i i ) Q T @ ¥ Q " +@
Yo I g T * =7
. 41j = j

Fig. 1. Diagrammatic representation of the kernel of Eq. (10).

Since A is proportional to ¥ 12, these interactions are proportional to powers
of the spin concentration (G, ~ NAZ, A~ XV =12 3N o ~ cA*?,
25=1 iy ~ A,

For weak ¢ we may consider only the one-spin term, this approximation
being consistent with the factorization of the density matrix. The kinetic
equations for the diagonal part of p may finally be written, in the Markovian
limit,

Oipe"(N, 1) = —x[N — (N + Dm*[p"(V, 1)
—q{l2N + 1 — (NV + D* — N2>V, 1)
+ [+ (N + Dm* — Np~?]pf(N, 1)}
9N, 1) = —ypP(N, 1) + ypP(N, 1)
—g{CN + 1 + (N + Dn® + Nn~2)pP(N, 1)
+ [l — (N + Dn? + Ny~ 2]p(N, 1)} (13)
In the Glauber—Sudarshan®® representation defined by

ple) = (1/m) | &% Pla, o, D]a>cal,

POa, o*, ) and P*(«, o*, t) associated with p{P(z) and p§(¢) obey the following
coupled Fokker-Planck equations:

P 1) = 3| o+ g P o, 1) = 9P, )

2

0
+4q W [Po(a9 a*a t) + Pz(a7 a*a t)]
0P o, 0¥, 1) = —y[PHe, o*, 1) — 7Pc, ¥, 1)]
7 b7 0?
— 2pz ® — — ko
g {2["" P s 1) (“ A aa*)

X [P%e, o*, t) + P*e, 0¥, t)]} (14)



404 D. Walgraef

3. APPROXIMATE SOLUTIONS AND COMPARISON WITH
OTHER THEORIES

In this section we discuss the relations between this theory and others
and we present approximate solutions of Eq. (14) using physically meaningful
assumptions. Note first that, since the characteristic time of the evolution of
P? s of order y~1, it varies slowly on the Markovian time scale and

P3a, o*, t) ~ P¥(x, o, 0) exp[—(y + 2¢’|«|?)¢]
+ [ drtepl—r + 2971~ D
0
|y + gl 0 e ot as)
so its long-time limit may be written
P2(a, a*, t) = s(a, o*) P, o*, 1), {57 =13 f d?a sP°

with

sty = & + 201 + 2P | 10

So the Markovian limit of (14) consists in the following Fokker-Planck
equation:

P (e 1) = 3 (1 + ooz ol — gt o)

2
x P%a,o*, t) + ¢q 5;%?‘ [1 + s(e, *)P%e, «*, )]  (17)

The technique used to obtain the kinetic equation (14) may easily be
shown to be equivalent to Haake’s technique.*® The new feature here is that
the decomposition of the density matrix in a series of orthogonal operators
and the mean-field approximation we made on it lead to an evolution operator
which contains the complete one-atom contribution to all orders in the coup-
ling constant. By this method we recover in fact in a direct and elegant way
the equation derived recently by Mandel® after a complete resummation of
the one-atom collision operator considered as a power series in the coupling
parameter.

The time evolution of P%e, «*, ) may now be discussed through
approximate solutions of Eq. (17). We shall only consider situations with
n = 0, which are the only significant ones since for < 0, P%(e, «*, ¢) behaves
like the initial chaotic distribution. [Note that for  ~ 0 we have to take
into account the P%e, o*, ) term of (16).]



Macroscopic Behavior of a Quantum Monomode Laser 405

Developing P%(«, o*, t) as >, ¢,{(t)]«]? exp[— A(#)|«|?] in order to avoid
convergence difficulties with the power series, and to put more light on the
“distance” from the chaotic distribution, we obtain through (17) the following
equations, in the long-time limit:

Ci(t) = {4() — x — gn)lg( + N]~1Co

C) = [t = nPcu) - 27 o g + 1 18)

while

A=A =4 —qq) —q( + 4> for 7« §=nc

2
A=A°=—%‘%7A° for 5~ 7, (19)

A=4"=(x—qn) —q(l + n4~ +23%A>2 for > 7,
so that we have, respectively,
A<(@) = (x — g{q(l + 1) + agexp[—(x — gt} ~*
A°(t) = B, exp(—zf% t)
A7) = (x — gnla(l + ]~ + vo exp[—g(l + 7)7]

2, _
X [1 + & exp(4i X~ 97 t)]

(20)

7N q(1 + 7)

PO(z) evolves to its stationary value with decay rates A, which are schematically
represented in Fig. 2 and agree with other results®® except that above
threshold we do not recover the degeneracy of the A2

The stationary solution of (17) is

y + 2q'|el?
y(I + 7) + 2¢'|al?

[y(l + 1) + 2q'|a[2}(w2q'm(1+nc>
X
y(1 +7)

where @ is the normalization constant. The corresponding value of s(e, «*)
is yy(y + 2q¢'|«|?)~*. We see that for », > | the maximum of P? is given by
@ = a* = 0, P° being roughly Gaussian, while for 5, < 1 and y > %, P° has
its maximum at |&|?> = (yN/2¢)[(n/n.) — 1]. When the cavity losses are small
and the pumping is strong, the peak is sharp and the system behaves nearly
coherently.

PO(a, a*) = 07*

exp(—nclel?) (1)
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A
=
N, Al
Fig. 2. Dependence of the decay rates of P°(«, o*, t) vs. the pump parameter » (arbitrary
scale).

As discussed by Mandel, the maximum of the stationary distribution (21)
is, to vanishingly small correction yN(y — 7,)/2x, above threshold and may
differ strongly from Risken’s*® result: yN(y — 7.)/2¢gy in our notation.

These facts are among those which led to the comparison of this behavior
with a second-order phase transition® and the expression of P° as the
exponential.of a thermodynamic-like potential obtained by developing P° in
powers of «, o*:

PO(a, ‘x*) = Q—l exp[——G(oc, “*)/0]

22
Gle, o) = [(0, — @)[e]? + xlo]* + -] + G(O0) @)

with
2,
o=gl+m), oo=qU+m), «= 1=

More interesting is the fact that the mean value of |«|%, which may be
calculated from (21), consists of two parts; the first part, proportional to N,
is precisely the value of |«|? that maximizes P°, while the other part, propor-
tional to 1, may be neglected when N is great. So the separation between the
classical and quantum effects, extensively discussed by Lieb and Hepp,*®
is recovered. Note that at threshold {|«|?) is proportional to N2, as in all
the theories where the asymptotic time limit ¢ — oo is taken prior to any
eventual thermodynamic limit for the proper laser system itself. This leads
to the macroscopic description of the monomode laser of Ginzburg-Landau
type, as has been discussed elsewhere.>® It is important to note that the
fluctuations around the macrostate, which play an essential role in any
realistic situation where N remains finite, are deduced from the microscopic
theory.



Macroscopic Behavior of a Quantum Monomode Laser 407

The Ginzburg-Landau description of this system led to the comparison
of the laser transition with a second-order phase transition, but with the
creation of a dissipative structure. Let us briefly recall that®® there exist
systems which may have two different types of behavior:

A tendency to reach states of maximum disorder with destruction of
structures. This behavior occurs mainly near the thermodynamic
equilibrium.

A coherent behavior with creation of structures that may occur far from
equilibrium. This ordering mechanism arises in open systems at a critical
distance from equilibrium. The structures that are created in this
situation are called dissipative structures.

Glansdorff and Prigogine have shown? that there is a general theory
underlying the mechanism by which a system is driven to a new thermo-
dynamic behavior beyond the instability of the thermodynamic one. This
theory was developed for systems whose macroscopic description is based on
the local equilibrium assumption.

We show in the following section in what sense laser action above
threshold may be considered as a dissipative structure. Furthermore, the
entropy production of this system is shown to obey the general law of the
thermodynamics of irreversible processes in the absence of any local equi-
librium assumption, which has obviously no sense in laser physics.

4. ENTROPY PRODUCTION AND STABILITY

The analogy of the laser transition to a second-order phase transition,
the interpretation of the macroscopic state corresponding to laser action as
a dissipative structure, and the relation between the macroscopic variables
&, &* and the maximum of the Glauber-Sudarshan distribution function
suggest the use of this distribution to discuss macroscopic aspects of this
system, the mean value of an operator O being <O> = (1 /w)f d?e P%e|O]ey
(the macroscopic variable O is the value of {«|O|e) in the macroscopic state
&, @* of the system).

The entropy of the laser field is defined as

S = — (k) f % PO(a, o, 1) In p°(£)]e> (23)

where P° is the solution (17); the addition of high-intensity terms would only
add small corrections but would not modify our conclusions. The entropy
production may be written as
S 2k ., .o 1
= G = o | P, )l (gse = q(PY 0wl + POF (oot 0] (24)

ks
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with
F(a, o, 1) = — 0| In p°(2)|ex) (25)
Since

Fle, 0¥, 1) = z| |2NCXP( |?)

[ fdzﬁ |82+ exp — | BI%)(@/0|B|)P (B, B*, t)]
x Injl —
| @%B | B2+ D(exp— |B2)PO(B, B*, 1)
and due to the fact that f d?a P° = 1, the entropy production is always

positive. On the other hand, the macroscopic state of the system obeys the
following evolution equations:

@= (x_ g5) . 26)

§ = —y(—m)—2p'5|a|?
which are compatible with Lieb and Hepp’s results.*® We see that for
7. > 1 there exists only one stable stationary solution &@ = 0, § = 7 and that
for %, < 1 and n > 7. an infinite set of stable solutions branch from @ = 0,
§ = n, namely,

12
°_‘=[%(nl‘l)] & O<h<2m, F=n,

while the first one becomes unstable. The entropy associated with the
macroscopic state (@, @*) of the laser system is —k<&| In p°|&@>. While most
of the concepts of irreversible thermodynamics are not applicable here, some
interesting analogies with situations where a thermodynamic potential exists
or where the local equilibrium assumption makes sense can be made. Since
|&| effectively plays the role of the order parameter of equilibrium phase
transition and 7 is equivalent to the temperature, we see, for example, that at
stationarity the macroscopic entropy 5 has a discontinuity in % at threshold as

k ol
—— for < n
on e - kol| ky
- >
A Inl; . for 2 7,

where
- f d*g |B|*"(exp— |B|?)P(B, £*)

Moreover, the entropy production associated with the stable macroscopic
state is, at stationarity,
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VS, 7.

2
2% Tle N = N l:l + 0( q7e )]
T N (28)

Near threshold & behaves like n — 7,, while far above threshold its behavior
is nearly constant. 02 /6y shows a discontinuity at threshold which is repre-
sented in Figs. 3 and 4.

The macroscopic interpretation of (23) suggests that Z may be put into
the thermodynamic form

??7 = J&X& + Jdath (29)

——— . ——-———— -

Fig. 4. Representation of the variation of entropy production for the macroscopic
stationary state vs. 7.
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with

0
Ja = qSOC—qP—IW(l + S)P
5 (30)
= —k 2 el In play

e| In p|«) plays the role of a pseudo-thermodynamic potential. The general-
ized force is zero for macroscopic states on the equilibrium branch (& = 0)
and is nonzero on the other branch. Moreover,

Ja| _ 2qyn F(@ a¥)
Xe|~ Tk oy +2af?

It is interesting to note that the relation between J; and X is linear only on
the equilibrium branch and that the generalized Onsager coefficient (2¢v/k)F(0)
becomes negative above threshold

d?B (exp—|B|HP
(F“l(O) o f2 6(2 p—I| )2 )
| @B |B*(exp—|BI2P
The variation of the entropy production due to these thermodynamic-like
forces may be calculated in the macroscopic picture. It is zero at stationarity,
and its dominant part may be written
dXe@ _ kg3l
dr T+7n

KGSIZE 10 — 4592 + gyn — 4y + 20)aP)] a1

which is always negative since § < yn(y + 2p'lal?)~ L

Furthermore, the stability of the system in the vicinity of the stationary
macroscopic state may be discussed as follows. It is easy to show, using
(17)-(21), that

. oP P | <1, _
85 = —kP- [8a X pe= Sa*] {&|Inplay =0 (32)
while
— _ [P _
525 = —kP 1[30_‘ +2-2- 3 a** [sa?
2
+ _52 (8&*)2]<a| In p|&) (33)

The laser system may be considered as an open system in contact with
two heat baths: the cavity and the pump; the coupling with the cavity is
constant, while the coupling with the pump varies. So if we subtract from &2
the effect of the variation of s due to the internal processes of the heat bath,
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namely, the effect corresponding to the y(s — %) term in §, we obtain at
stationarity:

G — Ty + (4X/7)|°‘|2 + [n./(1 + 77)]""'4 >0 (34)
dxoa*y 1+1 1 + alof??
and
825 = —«[8&|2 with « >0 (35)

Having subtracted the effect of the variation of the boundary conditions in

82s,, we see that the Glansdorff-Prigogine *? criterion gives 9, 85| along the
direction of motion as

2, 82| = —«[(x — ¢5)|8&|% — 1q(a 8& & + &* 8a 85)] (36)
and around & = 0, § = 9 we have

9,82 >0 for 5 < 7,
2,825 <0 for 5 >x,

-2=ﬂ(ﬂ._ 1)
Ial 2q Ne

0,82 > 0 (37

while around

We may conclude in complete accordance with previous results 79 that
the state @ = 0, § = 5 becomes unstable at threshold, where it bifurcates to
an infinite set of stable states

_ N 12 _
@ = [?é—x (7] - 770)] eitb’ § =17

Another picture of this may be given in the following way: Since
PO, a*) is the probability for the system to be in the macroscopic state ¢, o*,
the evolution of this state being given by o = —0G/0a*, we may interpret

G(a, «*) as a kinetic potential since from (31) it is easy to see that dx%” and

dG are proportional. Since G is defined through (17) and (21), we obtain
dG = 0 at the stationary states, while d2G/d|«|* is proportional to

(e — n)/(L + n) at (@ = 0,5 = ) and 7.(n — 7.)/9(1 + 7.) at
{l&] = [yN[2x)(n — n)]H%?, § = q.}

So the condition d?G/d|«|? > 0 is verified for the stable stationary states.
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Furthermore, the probability of small fluctuations around the macroscopic
stationary state may be written, using (22) (for k « 1)

P(oa, da*) = exp{—T%? ["}c -7+ % 10712]|8&|2}

which on the equilibrium branch reduces to

exp{—qc——;—;’q ]8&[2}

and on the nonequilibrium branch to

1 _
eXP{—'l—_{'_—n (n— %)[3"42}

5. CONCLUSION

Having introduced explicitly the pumping as a dynamical process in the
laser model we studied, and having developed the density matrix in a series
of orthogonal spin operators, we were able to derive in the low-concentration
approximation a set of two coupled kinetic equations for the density matrix
of this system.

In the Markovian limit we recover Mandel’s equation for a high-
intensity laser, while the macroscopic description of the system is compatible
with Lieb and Hepp’s*® results. Furthermore, this macroscopic description
invites analogies with the thermodynamic description since quantities such
as the entropy production may be defined and found to be positive. The
change of this quantity due to thermodynamic-like forces is negative, while
the stability of the system around its stationary macroscopic state may be
discussed within the framework of Glansdorff-Prigogine’s evolution criterion
without any local equilibrium assumption.

It should be interesting now to study the fluctuations around the
macroscopic variables as defined in (26) in order to gain a deeper insight into
the relation between microscopic and macroscopic concepts in this problem
and to study the emergence of the macroscopic state &, a*. Moreover, a
detailed knowledge of P?, P+, and P~ [cf. (10)-(11)] would also be interesting
since they contain all the information we need to describe the spin’s behavior
in the laser process.

APPENDIX

The matrix elements {p| #(¢)|i’> appearing in (4) are represented by
the same vertices as the ones defined in I. Their contributions are
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0, plSital — lup + 1) = n7 48y o(N + 1) + Ju)'n
~ ’}1‘8»11,0(2\[ - %}’-)“2’?_1
iy plSi*al0i, p + 1) = 8y oln ™ N + 1 + Ju)t?y?
— 7 = g ]
0y ] Sima* Ly p = 1) = Py oV + Jp)*Pp7 2
— 97 N8y, o(N + 1 — )Pyt
(-1, f‘iSi-a+]01>/'L -1 = SM.,D[Wl‘(N + 1 4 dp)tPyt
~ 77N = fu + DV
<0;, ‘U‘|Si+a+‘ —lyp—-1= ”)Ml‘sM;,o(N + %#)1/277-1
= '8, oV + 1 — )%yt
L plSitar (0, p — 1) = 3y0ln ™ MN + Ju)2971
— N + 1 = Jp)2yt]
0; | Si=alliy o + 1) = 9ldy o(N + 1 + Fu)'29?
= 07 M8y o(N — Fp)tiy 1
(=1, p|Simal0, 4+ 1) = 3y, 0[N + 1 + $p)39?
— 97— 3]
(o plaac |p + 1, e — 1 = [(N + 1 4+ 3p)(N + )]0~ by
— [NV = 3N + 1 = 3p) ] Pnhen ™
s pela*aelp — 1 pe + 1D = [N + 3N + 1 + dp) ]2ty
— (N + 1 = 3N = )]V 5t (AD)
The long-time divergences of each contribution of (4) are avoided by resum-
ming the spin and field propagators by their respective heat-bath coupling.

This has been done explicitly in I for the photon propagator, whose time
dependence F(N, t) obeys the following equation:

1 2 "
aF(,1) = [ dr s S, e cosl(e, - @)t = )]

X AN+ 5= [N+ HWN + DIFWN, 1) (A2)

Due to the singular character of the heat bath, the Laplace transform of this
propagator may be written

SN, 2) = (z+ x)~" + O(1/N) (A.3)
with

2
X = mz [p«l?
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Performing a Résibois~De Leener resummation®™ of the spin propagator,
we obtain for the plus and minus spin propagators

@ =2+ 2 (3 Inesv + D + 3 1" P |
< |24 205 3N + Dullae P + )

1 -1
+ 235 2 VOV + Doullne' 7 = Lo ] (Ad)
or, for zero-photon heat baths

f2@) = @+ y*)xz + ) (A.5)

Taking now the irreducibility condition associated with the vacuum [0><0],
we find that the diagonal part of p obeys the following equation:

t
20 = 3 [ drGEOw - D, 6d =0z (AS)
€’ 0

G§<” contains the following contributions:
1. The explicit photon—cavity coupling as calculated in I and appearing in
~xN 4+ x(N + D)y? (A7)

2. The explicit spin-pumping contribution is in the singular heat-bath
approximation and in the thermodynamic limit

1
—=p 2, 218 P W8, o (N + 1))t
Ne «

— 948y, o NZPn ™ 28y o[ ((N + $)u) P~ Y

— 7 (N + Da)2ntelp(Ne) + |ga™ [2ln™ Y 8u0

X N3P leptidy, o(N + 1)) 20 )8y, oln"

x (N + Ha)Pnbe — 97 (N + $)o)' P97 e]p(N)} (A.8)

leading, for zero-photon baths, to
1
e [(SM,-%,O - 8M;+%.0"72‘) Z |Pa+I2
— (BM,-~%,0")—2‘ — 8M¢+%,0) Z lpa_lz]
o

or —yin G&? and yy in G§? with

(A.9)

Y= ;T‘Zh_zz (|g."* + lpa™ 1
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and

n = Da (Iga+lz - iptx—lz)
20 (e * + 187 )
The remaining graphs appearing in the kernel are of one- or multiple-spin
type. Considering only the on-spin terms, this approximation, valid for low
concentrations of active material, is consistent with the factorization of the
density matrix—the kernel is the sum of the following contributions:

in G- R[N + 1) — (N + Dy? — Nyp™9]
in G2 R(D[1 + (N + Dy? — Ny~ 7]

in GE o R(Z)[1 — (N + Dy® + Ny~ 2]

in G§™: R@ICN + 1) + (N + Dn® + Np~7]
where

RZ)=F*z+i(Q—w) + F(z~iQ — w)
with

F*(z) = (127) § dz fiz — ) *(Z)

In the Markovian limit of (A.6) (according to the short memory of the heat
baths we may safely assume that this limit exists) only R(0) appears and is
calculated to be

2NN (x + )

1= RO Fr e

S v) = Ng’ (A.10)
withA = Q — wand f(y, y) ~ 2y~ for y < y, or x7! for ¥ > x. The case
y < y corresponds to a gas laser, while the case y > y occurs for a solid-state
laser, so that g(gas laser) ~ 2g(solid-state laser).
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